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1. Introduction
Let X be a topological space and A be a family of subsets of X . We define classes Fα(A) and
Gα(A) in the following way: F0(A) = A, G0(A) = {X \ A : A ∈ A} and for all 1 ≤ α < ω1 let
Fα(A) =
{ ∞⋂
n=1
An : An ∈
⋃
β<α
Gβ(A), n = 1, 2, . . .
}
,
Gα(A) =
{ ∞⋃
n=1
An : An ∈
⋃
β<α
Fβ(A), n = 1, 2, . . .
}
.
If A is the collection of all /functionally/ closed subsets of X , then elements of Fα(A) or Gα(A) are
called sets of the α’th /functionally/ multiplicative class or sets of the α’th /functionally/ additive
class, respectively; elements of the family Fα(A)∩Gα(A) are called /functionally/ ambiguous sets
of the class α.
A mapping f : X → Y between topological spaces belongs to the α’th /functionally/ Lebesgue
class, if the preimage f−1(V ) of any open set V ⊆ Y is of the α’th /functionally/ additive class
α in X . The collection of all mappings of the α’th /functionally/ Lebesgue class we denote by
Hα(X, Y ) /Kα(X, Y )/. Notice that Hα(X, Y ) = Kα(X, Y ) for any perfectly normal space X and
any topological space Y .
By C(X, Y ) we denote the class of all continuous mappings between X and Y .
Let Φ1(X, Y ) = H1(X, Y ) and for all 1 < α < ω1 the symbol Φα(X, Y ) stands for the collection
of all mappings between X and Y which are pointwise limits of sequences of mappings from⋃
β<α
Φβ(X, Y ). The next result is the classical Banach’s theorem [1].
Theorem A. Let X be a metric space, Y be a metric separable space and 0 < α < ω1. Then
(i) Φα(X, Y ) = Hα(X, Y ), if α < ω0,
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(ii) Φα(X, Y ) = Hα+1(X, Y ), if α ≥ ω0.
R. Hansell in [4] introduced the concept of σ-discrete mapping as a convenient tool for the
investigation of mappings with values in non-separable spaces. A mapping f : X → Y is σ-discrete
if there exists a family B =
∞⋃
n=1
Bn of subsets of X such that every family Bn is discrete in X and
the preimage f−1(V ) of any open set V in Y is a union of sets from B. Class of all σ-discrete
mappings between X and Y is denoted by Σ(X, Y ). In [5, Theorem 7] Hansell proved the following
generalization of Banach’s theorem.
Theorem B. Let X be a perfect space, Y be a metric space and 0 < α < ω1. Then
(i) Φα(X, Y ) ∩ Σ(X, Y ) = Hα(X, Y ) ∩ Σ(X, Y ), if α < ω0,
(ii) Φα(X, Y ) ∩ Σ(X, Y ) = Hα+1(X, Y ) ∩ Σ(X, Y ), if α ≥ ω0.
In this paper we develop technique from [5] and [3] and prove an analogue of Theorem B for
an arbitrary topological space X . To do this we introduce classes of mappings Σfα(X, Y ). Namely,
a mapping f : X → Y belongs to Σfα(X, Y ), where 0 ≤ α < ω1, if there exist a family B =
∞⋃
n=1
Bn
of functionally ambiguous sets of the class α in X and a family U =
∞⋃
n=1
Un of functionally open
subsets of X , where Un = (UB : B ∈ Bn), such that every family Un is discrete in X , B ⊆ UB for
every B ∈ Bn and the preimage f
−1(V ) of any open set V in Y is a union of sets from B. Properties
of this class are studied in Section 2. Let us observe that the class Σfα(X, Y ) coincides with the
class of all σ-discrete mappings of the α’th Lebesgue class in case X is a perfectly normal space
and Y is a metric space. Auxiliary technical propositions are gathered in Section 3. The forth
section contains three approximation lemmas which are crucial in the proof of the main theorem.
In Section 5 we present classes Λα which are close to classes Φα: let Λ1(X, Y ) = Σ
f
1(X, Y ), and
for all 1 < α < ω1 let Λα(X, Y ) be the collection of all mappings between X and Y which are
pointwise limits of sequences of mappings from
⋃
β<α
Λβ(X, Y ). The theorem below is the main
result of the paper.
Theorem C. Let X be a topological space, Y be a metric space and 0 < α < ω1. Then
(i) Λα(X, Y ) = Σ
f
α(X, Y ), if α < ω0,
(ii) Λα(X, Y ) = Σ
f
α+1(X, Y ), if α ≥ ω0.
An example at the end of the fifth section shows that the assertion on X in Theorem B is
essential.
2. Properties of σ-strongly functionally discrete mappings
Definition 1. A family A = (Ai : i ∈ I) of subsets of a topological space X is called
1. discrete, if every point of X has an open neighborhood which intersects with at most one
set from A;
2. strongly discrete, if there exists a discrete family (Ui : i ∈ I) of open subsets of X such that
Ai ⊆ Ui for every i ∈ I;
3. strongly functionally discrete or, briefly, sfd-family, if there exists a discrete family (Ui : i ∈ I)
of functionally open subsets of X such that Ai ⊆ Ui for every i ∈ I;
4. well strongly functionally discrete of well sfd-family, if there exist discrete families (Ui : i ∈ I)
of functionally open sets and (Fi : i ∈ I) of functionally closed sets such that Ai ⊆ Fi ⊆ Ui
for every i ∈ I.
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Notice that (4) ⇒ (3) ⇒ (2) ⇒ (1) for any X ; a topological space X is collectionwise normal
if and only if every discrete family in X is strongly discrete; if X is normal then (2) ⇔ (3).
Definition 2. Let P be a property of a family of sets. A family A is called a σ-P-family if
A =
∞⋃
n=1
An, where every family An has the property P.
Definition 3. A family B of sets of a topological spaceX is called a base for a mapping f : X → Y
if the preimage f−1(V ) of an arbitrary open set V in Y is a union of sets from B.
Definition 4. If a mapping f : X → Y has a base which is a σ-P-family, then we say that f is
a σ-P mapping.
The collection of all σ-P mappings between X and Y we will denote by
• Σ(X, Y ), if P is a property of discreteness;
• Σ∗(X, Y ), if P is a property of a strong discreteness;
• Σf (X, Y ), if P is a property of a strong functional discreteness.
By Σfα(X, Y ) /Σ
f∗
α (X, Y )/ we denote the collection of all mappings between X and Y which
has a σ-sfd base of functionally ambiguous /multiplicative/ sets of the class α in X .
Remark 1. For any spaces X and Y the following relations holds:
1. Σf∗β (X, Y ) ⊆ Σ
f
α(X, Y )m if 0 ≤ β < α < ω1;
2. Σf∗β (X, Y ) = Σ
f
β+1(X, Y )m if 0 ≤ β < ω1;
3. Σf0(X, Y ) ⊆ C(X, Y ).
Let us observe that every continuous mapping f : X → Y is σ-strongly functionally discrete
if either X , or Y is a metric space, since every metric space has σ-sfd base of open sets. Clearly,
every mapping with values in a second countable space is σ-sfd. In [4] Hansell proved that any
Borel measurable mapping f : X → Y is σ-discrete if X is a complete metric space and Y is a
metric space.
Lemma 1. Let 0 ≤ α < ω1, X be a topological space, (Ui : i ∈ I) be a locally finite family of
functionally open sets in X, (Bi : i ∈ I) be a family of sets of the α’th functionally additive
/multiplicative/ class in X such that Bi ⊆ Ui for every i ∈ I. Then the set B =
⋃
i∈I
Bi is of the
α’th functionally additive /multiplicative/ class α in X.
Proof. For α = 0 we consider the case each Bi is functionally closed and take a continuous
function fi : X → [0, 1] such that Bi = f
−1
i (0) and X \ Ui = f
−1
i (1), i ∈ I. Then the function
f(x) = min
i∈I
fi(x) is continuous and B = f
−1(0).
Assume that our proposition is true for all 0 ≤ ξ < α and prove it for ξ = α. If α is a limit
ordinal then we take an increasing sequence of ordinals (αn)
∞
n=1 which converges to α. If α = β+1
then we put αn = β for every n ∈ N.
Let Bi be a set of the α’th functionally additive class α and (Bi,n)
∞
n=1 be a sequence of sets of
the αn’th functionally multiplicative classes such that Bi =
∞⋃
n=1
Bi,n. By the inductive assumption
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the set Fn =
⋃
i∈I
Bi,n belongs to the αn’th functionally multiplicative class for every n. Hence, the
set B =
⋃
i∈I
Bi =
∞⋃
n=1
Fn is of the α’th functionally additive class.
Now assume that Bi belongs to the α’th functionally multiplicative class for every i ∈ I and
take a sequence (Bi,n)
∞
n=1 of sets of the αn’th functionally additive classes such that Bi =
∞⋂
n=1
Bi,n.
Notice that each set Gi,n = Bi,n ∩ Ui is of the αn’th functionally additive class, Gi,n ⊆ Ui and
Bi =
∞⋂
n=1
Gi,n. Then Gn =
⋃
i∈I
Gi,n belongs to the αn’th functionally additive class for every n.
Hence, the set B =
∞⋂
n=1
Gn if of the α’th functionally multiplicative class.
Corollary 2. For any 0 ≤ α < ω1 a union of an sfd-family of sets of the α’th functionally additive
/multiplicative/ class in a topological space is a set of the same class.
Lemma 3. Let X be a topological space and f ∈ Σf (X, Y ). Then f has a σ-sfd base B which is
a union of a sequence of well sfd-families.
Proof. Let B′ =
∞⋃
n=1
B′n be a base for f , where B
′
n is an sfd-family for every n ∈ N. For all
n ∈ N and B ∈ B′n we take a functionally open set UB,n and a sequence of functionally closed sets
(FB,m)
∞
m=1 such that the family (UB,n : B ∈ B
′
n) is discrete, B ⊆ UB,n and UB,n =
∞⋃
m=1
FB,m for
every B ∈ B′. For all n,m ∈ N we put
Bn,m = (B ∩ FB,m : B ∈ B
′
n) and B =
∞⋃
n,m=1
Bn,m.
It is easy to see that each Bn,m is well sfd-family and B is a base for f .
Theorem 4. Let 0 < α < ω1, X be a topological space and Y be a topological space with a
σ-disjoint base. Then
Kα(X, Y ) ∩ Σ
f (X, Y ) ⊆ Σfα(X, Y ).
Proof. Let f ∈ Kα(X, Y ) ∩ Σ
f (X, Y ). According to Lemma 3 there exists a base B =
∞⋃
m=1
Bm
for f such that each Bm = (Bi,m : i ∈ Im) is well sfd-family. For all m and i ∈ Im we take a
functionally open set Ui,m and a functionally closed set Fi,m in X such that Bi,m ⊆ Fi,m ⊆ Ui,m
and the family (Ui,m : i ∈ Im) is discrete.
Consider a σ-disjoint base V =
∞⋃
n=1
Vn of open sets in Y . Since f ∈ Kα(X, Y ), for every V ∈ V
there exists a sequence (Ak,V )
∞
k=1 of sets of functionally multiplicative classes < α in X such that
f−1(V ) =
∞⋃
k=1
Ak,V . For m,n, k ∈ N we put
Bm,n,k = (Fi,m ∩ Ak,V : i ∈ Im, V ∈ Vn and Bi,m ⊆ f
−1(V )).
Notice that each family Bm,n,k consists of functionally ambiguous sets of the class α and is strongly
functionally discrete in X , since the family Bm is strongly functionally discrete and for any
nonempty set Bi,m ∈ Bm there is at most one set V ∈ Vn such that Bi,m ⊆ f
−1(V ). Let
B0 =
∞⋃
m,n,k=1
Bm,n,k.
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We show that B0 is a base for f . Fix V ∈ V and verify that
f−1(V ) =
∞⋃
m,k=1
⋃
i∈Im
Bi,m⊆f
−1(V )
(Fi,m ∩ Ak,V ).
Since Ak,V ⊆ f
−1(V ) for every k, the set in the right side of the equality is contained in f−1(V ).
On the other hand, if x ∈ f−1(V ) then x ∈ Ak,V for some k. Moreover, B is a base for f ,
consequently, there are m and i ∈ Im such that x ∈ Bi,m ⊆ f
−1(V ). Then x ∈ Fi,m.
Proposition 5. Let 0 < α < ω1, X and Y be topological spaces. Then
Σfα(X, Y ) ⊆ Kα(X, Y ) ∩ Σ
f (X, Y ).
Proof. Let f ∈ Σfα(X, Y ). Clearly, f ∈ Σ
f (X, Y ). We show that f ∈ Kα(X, Y ). Let V be an
open set in Y and B =
∞⋃
m=1
Bm be a base for f such that each family Bm is strongly functionally
discrete in X and consists of functionally ambiguous sets of the class α. Then there exists a
subfamily BV ⊆ B such that f
−1(V ) =
⋃
BV . For every m ∈ N we denote B
′
m = (B ∈ BV : B ∈
Bm). Corollary 2 implies that every set Bm =
⋃
B′m belongs to the α’th functionally additive class
in X . Moreover, f−1(V ) =
∞⋃
m=1
Bm. Hence, f ∈ Kα(X, Y ).
Theorem 4 and Proposition 5 imply
Theorem 6. Let 0 < α < ω1, X be a topological space and Y be a space with a σ-disjoint base.
Then
Kα(X, Y ) ∩ Σ
f (X, Y ) = Σfα(X, Y ).
Proposition 7. Let 0 ≤ α < ω1, X, Y and Z be topological spaces, f ∈ Σ
f
α(X, Y ), g ∈ Σ
f
α(Y, Z)
and let h : X → Y × Z is defined by
h(x) = (f(x), g(x))
for every x ∈ X. Then h ∈ Σfα(X, Y × Z).
Proof. Let Bf =
∞⋃
n=1
Bn,f and Bg =
∞⋃
m=1
Bm,g be σ-sfd bases of functionally ambiguous sets of the
class α for f and g, respectively. For all n,m ∈ N we put
Bn,m = {Bf ∩Bg : Bf ∈ Bn,f , Bg ∈ Bm,g}.
It is easy to see that B =
∞⋃
n,m=1
Bn,m is a σ-sfd base for h which consists of functionally ambiguous
sets of the class α in X .
Definition 5. We say that a family (Ai : i ∈ I) is a partition of a space X if X =
⋃
i∈I
Ai and
Ai ∩Aj = ∅ for i 6= j.
Proposition 8. Let 0 ≤ α < ω1, (Xn : n ∈ N) be a partition of a topological space X by
functionally ambiguous sets of the class α, (fn)
∞
n=1 be a sequence of mappings from Σ
f
α(X, Y ) and
f(x) = fn(x) if x ∈ Xn for some n. Then f ∈ Σ
f
α(X, Y ).
Proof. Let Bn be a σ-sfd base for a mapping fn which consists of functionally ambiguous sets
of the class α in X . Let
B =
∞⋃
n=1
(B ∩Xn : B ∈ Bn).
It is easy to see that B is a σ-sfd base for f which consists of functionally ambiguous sets of the
α’th class.
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3. Auxiliary facts on functionally measurable sets
The proofs of the next two lemmas are completely similar to the proofs of Theorem 2 from [6,
p. 350] and Theorem 2 from [6, p. 357].
Lemma 9. Let 0 < α < ω1 and X be a topological space. Then for any disjoint sets A,B ⊆ X of
the α’th functionally multiplicative class there exists a functionally ambiguous set C of the class
α such that A ⊆ C ⊆ X \B.
Lemma 10. If A is a functionally ambiguous set of the (α+ 1)’th class in a topological space X,
where α is a limit ordinal, then there exists a sequence (An)
∞
n=1 of functionally ambiguous sets of
classes < α such that
A =
∞⋃
n=1
∞⋂
k=0
An+k =
∞⋂
n=1
∞⋃
k=0
An+k. (1)
The definition of sfd-family easily implies the following fact.
Lemma 11. Let A1,. . . , An be sfd-families of subsets of a topological space X, Ak =
⋃
Ak for
k = 1, . . . , n and the family (Ak : k = 1, . . . , n) is strongly functionally discrete. Then the family
A =
n⋃
k=1
Ak is strongly functionally discrete.
Lemma 12. Let 0 < α < ω1, A be a disjoint σ-sfd family of functionally additive sets of the α’th
class in a topological space X. Then for any A ∈ A there exists an increasing sequence (DAn )
∞
n=1
of functionally ambiguous sets of the class α such that A =
∞⋃
n=1
DAn and the family (D
A
n : A ∈ A)
is strongly functionally discrete for every n ∈ N.
If α = β + 1, then every set DAn can be chosen from the β’th functionally multiplicative class.
Proof. Let α = 1 and A =
∞⋃
k=1
Ak, where Ak is an sfd-family of sets of the first functionally
additive class and
(
∪Ak
)
∩
(
∪Aj
)
= ∅ for k 6= j. For every A ∈ A we take an increasing sequence
(BAn )
∞
n=1 of functionally closed sets such that A =
∞⋃
n=1
BAn . Now for all A ∈ A and n ∈ N we put
FAn =
{
BAn , if A ∈ Ak for k ≤ n,
∅, if A ∈ Ak for k > n.
Then (FAn : A ∈ A) =
⋃
k≤n
(BAn : A ∈ Ak) for every n. Since every family Bk = (B
A
n : A ∈ Ak) is
strongly functionally discrete, the set Bk =
⋃
Bk is functionally closed. Moreover, Bk ∩ Bm = ∅
for all k 6= m. Since (Bk : k = 1, . . . , n) is an sfd-family, Lemma 11 implies that (F
A
n : A ∈ A) is
also sfd-family. Moreover, A =
∞⋃
n=1
FAn for every A ∈ A.
Assume that the assertion of lemma is true for all 1 ≤ ξ < α and verify it for ξ = α. Consider
a disjoint sequence of sfd-families Ak which consist of sets of the α’th functionally additive class.
For every A ∈ A we take an increasing sequence (BAn )
∞
n=1 such that A =
∞⋃
n=1
BAn . We may assume
that every set BAn belongs to the αn’th functionally multiplicative class, where αn = β for every
n ∈ N if α = β + 1, and (αn)
∞
n=1 is an increasing sequence of ordinals such that α = supαn if α is
a limit ordinal.
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Fix n ∈ N and for every k = 1, . . . , n we denote Bk,n = (B
A
n : A ∈ Ak) and Bk,n = ∪Bk,n. Since
B1,n, . . . , Bn,n are mutually disjoint sets of the αn’th functionally multiplicative class, Lemma 9
implies that there exist mutually disjoint functionally ambiguous sets C1,n, . . . , Cn,n of the class αn
such that Bk,n ⊆ Ck,n for every k = 1, . . . , n. By the inductive assumption Ck,n =
∞⋃
m=1
Ck,n,m and
for every m ∈ N the family (Ck,n,m : k = 1, . . . , n) is strongly functionally discrete and consists of
functionally ambiguous sets of the class αn.
Now for all n,m ∈ N and A ∈ A we put
DAn,m =
{
BAn ∩ Ck,m,n, if A ∈ Ak for k ≤ n,
∅, if A ∈ Ak for k > n.
Then (DAn,m : A ∈ A) =
⋃
k≤n
(BAn ∩ Ck,m,n : A ∈ Ak).
Fix n,m ∈ N and for every k = 1, . . . , n we put
Dk = (B
A
n ∩ Ck,m,n : A ∈ Ak).
Notice that every family Dk is strongly functionally discrete and consists of functionally ambiguous
sets of the class α. Then the set Dk =
⋃
Dk is functionally ambiguous of the class α for k =
1, . . . , n. Moreover, Dk ∩ Dm = ∅ for all k 6= m. Since the family (Dk : k = 1, . . . , n) is
strongly functionally discrete, Lemma 11 implies that (DAn,m : A ∈ A) is an sfd-family. Moreover,
A =
∞⋃
n,m=1
DAn,m for every A ∈ A.
In case α = β + 1 for all n,m ∈ N and A ∈ A we choose an increasing sequence (DAn,m,k)
∞
k=1
of functionally multiplicative class β such that DAn,m =
∞⋃
k=1
DAn,m,k. Clearly, (D
A
n,m,k : A ∈ A) is an
sfd-family for all n,m, k and A =
∞⋃
n,m,k=1
DAn,m,k.
Lemma 13. Let 0 ≤ α < ω1, X be a topological space, A be an σ-sfd family of sets of the α’th
functionally multiplicative class such that
⋃
A = X. Then there exists a sequence (An)
∞
n=1 of
families of sets of the α’th functionally multiplicative class such that
1.
∞⋃
n=1
An ≺ A,
2. An ≺ An+1,
3. An is an sfd-family,
4.
⋃ ∞⋃
n=1
An = X
for every n ∈ N.
Proof. Let A =
∞⋃
k=1
Bk and let Bk be an sfd-family of sets of the α’th functionally multiplicative
class. For every k ∈ N we put
Ck = (B \
⋃
j<k
⋃
Bj : B ∈ Bk) and C =
∞⋃
k=1
Ck.
Then C is a disjoint σ-sfd family of sets of the (α + 1)’th functionally additive class, C ≺ A and⋃
C = X . By Lemma 12 for every C ∈ C there exists an increasing sequence (DCn )
∞
n=1 of sets of
the α’th functionally multiplicative class such that C =
∞⋃
n=1
DCn and the family (D
C
n : C ∈ C) is
strongly functionally discrete for every n ∈ N.
It remains to put An = (
⋃
k≤n
DCk : C ∈ C) for n ∈ N.
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4. Approximation lemmas
Definition 6. We say that a sequence (fn)
∞
n=1 of mappings fn : X → Y is stably convergent to
f : X → Y and denote this fact by fn
st
−→ f , if for every x ∈ X there exists n0 ∈ N such that
fn(x) = f(x) for all n ≥ n0.
If A ⊆ Y X , then the symbol A
st
stands for the set of all stable limits of sequences from A.
Lemma 14. Let X, Y be topological spaces, ((Bi,m : i ∈ Im))
∞
m=1 be a sequence of sfd-families
of sets of the (α + 1)’th functionally ambiguous sets in X, α be a limit ordinal, let the family
(Bm =
⋃
i∈Im
Bi,m : m ∈ N) be a partition of X, ((yi,m : i ∈ Im))
∞
m=1 be a sequence of points from Y
and let f : X → Y is defined by
f(x) = yi,m,
if x ∈ Bi,m for some m ∈ N and i ∈ Im. Then f ∈ Σ
f
<α(X, Y )
st
.
Proof. Fix m ∈ N. Since Bm is functionally ambiguous set of the class (α + 1) in X by
Corollary 1, Lemma 10 implies that there exists a sequence (Cm,n)
∞
n=1 of functionally ambiguous
sets of classes < α such that
Bm =
∞⋃
n=1
∞⋂
k=0
Cm,n+k =
∞⋂
n=1
∞⋃
k=0
Cm,n+k. (2)
Moreover, there exists a discrete family (Ui,m : i ∈ Im) of functionally open sets in X such that
Bi,m ⊆ Ui,m for every i ∈ Im.
For all m,n ∈ N we put
Dm,n = Cm,n \
⋃
k<m
Ck,n.
Notice that every Dm,n is a functionally ambiguous set of a class < α. Moreover,(
∀x ∈ X
) (
∃mx ∈ N
) (
∃nx ∈ N
) (
∀n ≥ nx)
(
x ∈ Dmx,n). (3)
Indeed, if x ∈ X , then there exists a unique number mx such that x ∈ Bmx and x 6∈ Bk for all
k 6= mx. Then the equality 3) implies that there are numbers N1, . . . , Nmx such that
x 6∈
⋃
n≥Nk
Ck,n if k < mx and x ∈
⋂
n≥Nmx
Cmx,n.
Hence, for all n ≥ nx = max{N1, . . . , Nmx} we have x ∈ Dmx,n.
Let y0 be any point from {yi,1 : i ∈ I1}. Fix n ∈ N and for all x ∈ X let
fn(x) =
{
yi,m, if x ∈ Dm,n ∩ Ui,m for some m < n and i ∈ Im,
y0, otherwise.
Observe that fn : X → Y is defined correctly, since the family (Ui,m : i ∈ Im) is discrete for every
m and the family (Dm,n : m < n) if disjoint.
We show that fn ∈ Σ
f
<α(X, Y ). For m = 1, . . . , n − 1 let Bm = (Dm,n ∩ Ui,m : i ∈ Im) and let
Bn be a family which consists of the set
(
X \
⋃ ⋃
m<n
Bm
)
. Clearly, B =
n⋃
m=1
Bm is σ-sfd family of
functionally ambiguous sets of classes < α. It follows from the definition of fn that B is a base
for fn.
It remains to prove that fn
st
−→ f on X . Indeed, if x ∈ X , then there exist m ∈ N and i ∈ Im
such that x ∈ Bi,m ⊆ Ui,m. Then f(x) = yi,m. It follows from (3) that there exists a number
n0 > m with x ∈ Dm,n for all n ≥ n0. Then fn(x) = yi,m for all n ≥ n0. Hence, fn(x) = f(x) for
all n ≥ n0.
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Lemma 15. Let α < ω1 be a limit ordinal, X be a topological space, Y be a metric space and
f ∈ Σfα+1(X, Y ). Then there exists a sequence of mappings fn ∈ Σ
f
<α(X, Y )
st
which is uniformly
convergent to f on X.
Proof. Let B be a σ-sfd base for f which consists of functionally ambiguous sets of the class
(α+1) in X . For every n ∈ N we consider a covering Un of Y by open balls of diameters <
1
n
and
put
Bn = (B ∈ B : ∃U ∈ Un | B ⊆ f
−1(U)).
Then Bn is a σ-sfd family of functionally ambiguous sets of the class (α + 1), diam f(B) <
1
n
for
every B ∈ Bn and X = ∪Bn for every n ∈ N.
Fix n ∈ N and let Bn =
∞⋃
m=1
Bn,m, where Bn,m is an sfd-family of functionally ambiguous sets
of the class (α + 1). We put An,1 = Bn,1 and An,m =
(
B \
(⋃ ⋃
k<m
Bn,k
)
: B ∈ Bn,m
)
for m > 1.
Notice that for every m ∈ N the set An,m = ∪An,m is functionally ambiguous of the class (α + 1)
and the family (Am : m ∈ N) is a partition of X . For every A ∈ An,m we choose an arbitrary
point yAn,m ∈ f(A). We define a mapping fn : X → Y by
fn(x) = y
A
n,m,
if x ∈ A for some m ∈ N and A ∈ An,m. Then fn ∈ Σ
f
<α(X, Y )
st
by Lemma 14.
It remains to verify that (fn)
∞
n=1 converges uniformly to f . Indeed, if x ∈ X and n ∈ N, then
fn(x) = y
A
n,m ∈ f(A) for some m ∈ N and A ∈ An,m. Since A ⊆ B for some B ∈ Bn,m,
d(f(x), fn(x)) ≤ diamf(B) <
1
n
,
which completes the proof.
Lemma 16. Let 0 < α < ω1, X be a topological space, (Y, d) be a metric space, f : X → Y be a
mapping, A1, . . . ,An be families of subsets of X such that
(i) Ak is an sfd-family of sets of the α’th functionally multiplicative class;
(ii) Ak+1 ≺ Ak for k < n;
(iii) diam(f(A)) < 1
2k+2
for all A ∈ Ak
for every k = 1, . . . , n. Then there exists a mapping g ∈ Σfα(X, Y ) such that the inclusion x ∈ ∪Ak
for k = 1, . . . , n implies the inequality
d(f(x), g(x)) <
1
2k
. (4)
Proof. Let Ak = (Ai,k : i ∈ Ik) and (Ui,k : i ∈ Ik) be discrete families of functionally open sets
in X such that Ai,k ⊆ Ui,k for every i ∈ Ik and k = 1, . . . , n.
By Lemma 9 there exists a family (Bi,1 : i ∈ I1) of functionally ambiguous sets of the class
α such that Ai,1 ⊆ Bi,1 ⊆ Ui,1. Since A2 ≺ A1, for every i ∈ I2 there exists a unique j ∈ I1
such that Ai,2 ⊆ Aj,1. Notice that Ui,2 ∩ Bj,1 is a functionally ambiguous set of the class α
and applying Lemma 9 we obtain a functionally ambiguous set Bi,2 of the class α such that
Ai,2 ⊆ Bi,2 ⊆ Ui,2 ∩ Bj,1. Proceeding in this way we obtain a sequence ((Bi,k : i ∈ Ik))
n
k=1 of
families of subsets of X such that
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• Bi,k ⊆ Ui,k for every i ∈ Ik;
• Bi,k is a functionally ambiguous set of the class α for every i ∈ Ik;
• for every k < n and for every i ∈ Ik+1 there exists a unique j ∈ Ik such that
Ai,k+1 ⊆ Aj,k, (5)
Ai,k+1 ⊆ Bi,k+1 ⊆ Bj,k. (6)
for all k = 1, . . . , n. Observe that for every k the set
Bk =
⋃
i∈Ik
Bi,k
is functionally ambiguous of the class α according to Corollary 1.
We take any points y0 ∈ f(X) and yi,k ∈ f(Ai,k) for every k and i ∈ Ik. For all x ∈ X we put
g0(x) = y0.
Assume that for some k < n we have already defined mappings g1, . . . , gk from Σ
f
α(X, Y ) such
that
gk(x) =
{
gk−1(x), if x ∈ X \Bk,
yi,k, if x ∈ Bi,k for some i ∈ Ik.
(7)
We put
gk+1(x) =
{
gk(x), if x ∈ X \Bk+1,
yi,k+1, if x ∈ Bi,k+1 for some i ∈ Ik+1.
Then gk+1 ∈ Σ
f
α(X, Y ) by Lemma 8. Repeating inductively this process we obtain mappings
g1, . . . , gn from Σ
f
α(X, Y ) each of which satisfies (7).
Now we prove that
d(gk+1(x), gk(x)) <
1
2k+2
(8)
for all 0 ≤ k < n and x ∈ X . Indeed, if x ∈ X \ Bk+1, then gk+1(x) = gk(x) and
d(gk+1(x), gk(x)) = 0. Assume that x ∈ Bi,k+1 for some i ∈ Ik+1 and choose j ∈ Ik such that (5)
and (6) holds. Then gk+1(x) = yi,k+1 and gk(x) = yj,k. Since f(Ai,k+1) ⊆ f(Aj,k), yi,k+1 ∈ f(Aj,k).
Hence, d(gk+1(x), gk(x)) ≤ diam(f(Aj,k)) <
1
2k+2
.
We put g = gn and show that (4) holds. Let 1 ≤ k ≤ n and x ∈ ∪Ak. Then x ∈ Ai,k ⊆ Bi,k
for some i ∈ Ik. It follows that gk(x) = yi,k and consequently
d(f(x), gk(x)) ≤ diam(f(Ai,k)) <
1
2k+2
.
Taking into account (8) we obtain that
d(f(x), gn(x)) ≤ d(f(x), gk(x)) +
n−1∑
i=k
d(gi(x), gi+1(x)) <
1
2k+2
+
1
2k+1
<
1
2k
.
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5. A generalization of Banach’s theorem
Let X , Y be topological spaces and A ⊆ Y X . By A
p
we denote the set of all pointwise limits
of sequences of mappings from A.
We put
Λ1(X, Y ) = Σ
f
1(X, Y )
and for all 1 < α < ω1 let
Λα(X, Y ) =
⋃
β<α
Λβ(X, Y )
p
.
Clearly,
Λβ(X, Y ) ⊆ Λα(X, Y ),
if β ≤ α. Moreover,
Λα+1(X, Y ) = Λα(X, Y )
p
,
and if α = supαn is a limit ordinal, then
Λα(X, Y ) =
∞⋃
n=1
Λαn(X, Y )
p
.
Theorem 17. Let X be a topological space, (Y, d) be a metric space. Then
(i) Σfα(X, Y ) ⊆ Λα(X, Y ), if 1 ≤ α ≤ ω0;
(ii) Σfα+1(X, Y ) ⊆ Λα(X, Y ), if ω0 ≤ α < ω1.
Proof. The proposition is obvious for α = 1. Assume it is true for all 1 ≤ β < α and prove the
proposition for β = α.
Let α < ω0 and let f be a mapping from Σ
f
α(X, Y ) = Σ
f∗
α−1(X, Y ) with a σ-sfd base B which
consists of sets of the (α−1)’th functionally multiplicative class in X . For every k ∈ N we consider
a covering Uk of Y by open balls of diameters <
1
2k
and put
Bk = (B ∈ B : ∃U ∈ Uk | B ⊆ f
−1(U)).
Then Bk is a σ-sfd family and X = ∪Bk for every k. By Lemma 13 for every k ∈ N there exists
a sequence (Bk,n)
∞
n=1 of sfd families of sets of the (α− 1)’th functionally multiplicative class in X
such that
∞⋃
n=1
Bk,n ≺ Bk, Bk,n ≺ Bk,n+1 and
⋃ ∞⋃
n=1
Bk,n = X for every n ∈ N. For all k, n ∈ N we
put
Fk,n = (B1 ∩ · · · ∩Bk : Bm ∈ Bm,n, 1 ≤ m ≤ k).
Notice that every family Fk,n is strongly functionally discrete, consists of sets of the (α − 1)’th
functionally multiplicative class and
(a) Fk+1,n ≺ Fk,n,
(b) Fk,n ≺ Fk,n+1,
(c)
∞⋃
n=1
Fk,n = X .
For every n ∈ N we apply Lemma 16 to the mapping f and to the families F1,n, F2,n,. . . ,Fn,n
and obtain a sequence of mappings gn ∈ Σ
f
α−1(X, Y ) such that the inclusion x ∈ ∪Fk,n for k ≤ n
implies the inequality
d(f(x), gn(x)) <
1
2k
.
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We prove that gn → f pointwise on X . Fix x ∈ X and ε > 0. Let k ∈ N be a number such
that 1
2k
< ε. Conditions (b) and (c) imply that there exists n0 ≥ k such that x ∈ Fk,n for all
n ≥ n0. Then for all n ≥ n0 we have d(f(x), gn(x)) <
1
2k
< ε.
Since gn ∈ Λα−1(X, Y ) for every n by the inductive assumption, f ∈ Λα(X, Y ). Therefore, the
proposition (i) is proved for all α < ω0.
Now let α ≥ ω0 be a limit ordinal and f ∈ Σ
f
α+1(X, Y ). Lemma 15 implies that there exists a
sequence of mappings fn ∈ Σ
f
<α(X, Y )
st
which converges uniformly to f on X . Without loss of
generality we may assume that
d(fn+1(x), fn(x)) <
1
2n
for all x ∈ X and n ∈ N. For every n ∈ N there exists a sequence of mappings fn,m ∈ Σ
f
<α(X, Y )
such that
fn,m
st
−→
m→∞
fn
on X . For every x ∈ X we put h0,m(x) = f0,m(x) for every m ∈ N. Suppose that we have already
defined sequences of mappings (hk,m)
∞
m=1 for some n ∈ N and for every 0 ≤ k ≤ n such that
(a) hk,m
st
−→ fk for all 0 ≤ k ≤ n;
(b) hk,m ∈ Σ
f
<α(X, Y ) for all 0 ≤ k ≤ n and m ∈ N;
(c) d(hk+1,m(x), hk,m(x)) <
1
2k
for all 0 ≤ k < n, m ∈ N and x ∈ X .
For every m ∈ N we consider the set
Am =
{
x ∈ X : d(fn+1,m(x), hn,m(x)) <
1
2n
}
and put
hn+1,m(x) =
{
fn+1,m(x), if x ∈ Am,
hn,m(x), if x 6∈ Am.
We check the condition (a) for the sequence (hn+1,m)
∞
m=1. If x ∈ X , then there exists a number
m0 such that fn+1,m(x) = fn+1(x) and fn,m(x) = fn(x) for all m ≥ m0. Then
d(fn+1,m(x), hn,m(x)) = d(fn+1(x), fn(x)) <
1
2n
for all m ≥ m0. Hence, x ∈ Am for all m ≥ m0. Consequently, hn+1,m(x) = fn+1,m(x), which
implies that
hn+1,m
st
−→
m→∞
fn+1
on X .
Now we check the condition (b). For every m ∈ N the mapping ϕ(x) = d(fn+1,m(x), hn,m(x))
belongs to a class Σf<α(X,R) according to Proposition 7. Hence, every set Am = ϕ
−1((−∞, 1
2n
))
is functionally ambiguous of a class < α. Thus, hn+1,m ∈ Σ
f
<α(X, Y ) by Proposition 8.
Finally, we check the condition (c). Let x ∈ X and m ∈ N. If x ∈ Am, then hn+1,m(x) =
fn+1,m(x), and if x 6∈ Am, then hn+1,m(x) = hn,m(x). In both cases
d(hn+1,m(x), hn,m(x)) <
1
2n
.
Therefore, we have constructed sequences of mappings (hn,m)
∞
m=1 which satisfy (a)–(c) for every
n ∈ N.
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We prove that hn,n −→
n→∞
f pointwise on X . Fix x ∈ X and ε > 0. Choose n0 ∈ N such that
d(f(x), fn0(x)) <
1
2n0
<
ε
2
.
There exists a number n1 ≥ n0 such that
hn0,n(x) = fn0(x)
for all n ≥ n1. Hence, for all n ≥ n1 we have
d(f(x), hn,n(x)) ≤ d(f(x), fn0(x)) +
n−1∑
k=n0
d(hk,n(x), hk+1,n(x)) <
1
2n0
+
1
2n0
< ε.
By the inductive assumption hn,n ∈ Λ<α(X, Y ) for every n ∈ N. Hence, f ∈ Λα(X, Y ). Conse-
quently, the proposition (i) is proved for all α ≤ ω0 and the proposition (ii) is proved for all limit
ordinals α.
It α = β +m, where β is a limit ordinal and m ∈ N, and f ∈ Σfα+1(X, Y ), then, by the same
method as in proof of (i), one can show that there exists a sequence of mappings gn ∈ Σ
f
β+m(X, Y )
which is pointwise convergent to f on X . By the inductive assumption, gn ∈ Λβ+m−1(X, Y ), and
hence f ∈ Λα(X, Y ).
Theorem 18. Let X be a topological space, Y be a space with a σ-disjoint base. Then the class
Σf (X, Y ) is closed under pointwise limits.
Proof. Let (fn)
∞
n=1 be a sequence of mappings fn ∈ Σ
f (X, Y ) which converges pointwise to a
mapping f : X → Y . We show that f ∈ Σf (X, Y ).
Consider a σ-disjoint base V =
∞⋃
m=1
Vm of Y and a σ-sfd base Bn =
∞⋃
m=1
Bn,m for fn, n ∈ N.
Denote B =
∞⋃
n=1
Bn and for every B ∈ B we put
V˜B = (V ∈ V : ∃n | fn(B) ⊆ V ).
Notice that the family V˜B is at most countable, since every family Vm is disjoint. Enumerate the
family V˜B in a sequence (VB,k : k ∈ N). For all n,m, k ∈ N we put
Bn,m,k = (B ∩ f
−1(VB,k) : B ∈ Bn,m).
Clearly, Bn,m,k is an sfd-family. It remains to prove that the family
B˜ =
⋃
n,m,k
Bn,m,k
is a base for f . Let V ∈ V and x ∈ f−1(V ). Take a number n such that fn(x) ∈ V . Since Bn is
a base for fn, there are m ∈ N and B ∈ Bn,m such that x ∈ B ⊆ f
−1
n (V ). Then V ∈ V˜B. Hence,
x ∈ B ∩ f−1(VB,k) ⊆ f
−1(V ).
Theorem 19. Let X be a topological space, Y be a perfectly normal space, 0 ≤ α < ω1 and let
(fn)
∞
n=1 be a sequence of mappings fn ∈ Kα(X, Y ) which converges pointwise to a mapping f :
X → Y . Then f ∈ Kα+1(X, Y ).
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Proof. Let F be a closed subset of Y and (Gn)
∞
n=1 be a decreasing sequence of open subsets of
Y such that
F =
∞⋂
n=1
Gn =
∞⋂
n=1
Gn.
It follows from the equality lim
n→∞
fn(x) = f(x) for every x ∈ A that
f−1(F ) =
∞⋂
n=1
∞⋃
k=n+1
f−1k (Gn).
Since fk ∈ Kα(X, Y ), for every n the set f
−1
k (Gn) belongs to the α’th functionally additive class,
hence, f−1(F ) is a set of the (α + 1)’th functionally multiplicative class in X .
Theorem 20. Let X be a topological space, Y be a perfectly normal space with a σ-disjoint base
and 0 < α < ω1. Then
(i) Λα(X, Y ) ⊆ Σ
f
α(X, Y ), if α < ω0,
(ii) Λα(X, Y ) ⊆ Σ
f
α+1(X, Y ), if α ≥ ω0.
Proof. The theorem is obvious for α = 1. Assume it is true for all 1 ≤ β < α and prove it for
β = α. Let f ∈ Λα(X, Y ).
We consider the case α = β + 1 and take a sequence (fn)
∞
n=1 of mappings fn ∈ Λβ(X, Y )
which is pointwise convergent to f on X . By the assumption fn ∈ Σ
f
β(X, Y ) in case α is
finite, or fn ∈ Σα(X, Y ) in case α is infinite. Then, respectively, fn ∈ Kβ(X, Y ) ∩ Σ
f (X, Y )
or fn ∈ Kα(X, Y ) ∩ Σ
f (X, Y ) by Theorem 6. Applying Theorems 18 and 19 we obtain that
f ∈ Kα(X, Y ) ∩ Σ
f (X, Y ) = Σfα(X, Y ) if α < ω0, or f ∈ Kα+1(X, Y ) ∩ Σ
f (X, Y ) = Σfα+1(X, Y ),
if α ≥ ω0.
Now we suppose that α = sup αn is a limit ordinal and let (fn)
∞
n=1 be a sequence of mappings
fn ∈ Λαn(X, Y ) which converges pointwise to f on X . By the assumption fn ∈ Σ
f
αn+1
(X, Y ) ⊆
Σfα(X, Y ) for every n. Theorems 6, 18 and 19 imply that f ∈ K
f
α+1(X, Y ) ∩ Σ
f(X, Y ) =
Σfα+1(X, Y ).
Combining Theorems 17 and 20 we get the following result.
Theorem 21. Let X be a topological space, Y be a metric space and 0 < α < ω1. Then
(i) Λα(X, Y ) = Σ
f
α(X, Y ), if α < ω0,
(ii) Λα(X, Y ) = Σ
f
α+1(X, Y ), if α ≥ ω0.
Finally, we show that the condition on X to be perfect in Theorem B is essential.
Example 1. There exists a normal space X such that H2(X,R) 6= Φ2(X,R).
Proof. Let A be a Gδσ-set which is not an Fσδ-set in R, and let X = (R, τ) be the real line with
a topology τ such that a basic neighborhood of x ∈ R \A is the set {x} and a basic neighborhood
of x ∈ A is an interval (x− ε, x+ ε), ε > 0. The normality of X follows from [2, Example 5.1.22].
Since every open set in R is open in X , A is Gδσ in X . Moreover, A is closed in X , therefore, A
is an ambiguous set of the second class in X . Hence, the characteristic function f = χA : X → R
of A belongs to the class H2(X,R).
Notice that the normality of X implies the equality H1(X,R) = K1(X,R) (see [7, Proposition
1.8]). Then Φ2(X,R) = Λ2(X,R).
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We prove that f 6∈ Φ2(X,R). To obtain a contradiction, suppose that f ∈ Λ2(X,R). By
Theorem 21 there exists a sequence of functions fn ∈ Σ
f
1(X,R) = K1(X,R) which converges
pointwise to f on X . Notice that every function fn : X → R is of the first Baire class (see for
instance [7]). Hence, f : X → R is the function of the second Baire class. Let (fn,m)
∞
n,m=1 be
a sequence of continuous functions on X such that f(x) = lim
n→∞
lim
m→∞
fn,m(x) for every x ∈ X .
The definition of τ implies that for all n,m the set A is contained in the set C(fn,m) of all
points of continuity of fn,m on R. It is well-known that C(fn,m) is a Gδ-subset of R. We put
B =
∞⋂
n,m=1
C(fn,m). Then B is a Gδ-set in R which contains A and the restriction f |B belongs to
the second Baire class in the Euclidean topology. Since A = (f |B)
−1((0, 1]), A is an Fσδ-subset of
B and, consequently, is an Fσδ-subset of R, a contradiction.
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